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The following problem is addressed: given a finite set D of points in the plane and an integer 
k_>3, find a k-gon P of maximum area which has its vertices in D. If C(D), the convex hull of 
D, is an /-gon, then P depends on k and I. If k<_l, then P is a convex k-gon with all its vertices 
lying on the boundary of C(D). Moreover, P can be chosen so that its vertices are vertices of C(D). 
The situation is more complicated when 3 _< l< k, and k-gons of maximum area are frequently not 
convex. 
It seems intuitively clear (and will be proved) that a triangle of maximum area 
with vertices among a set of points in the plane whose convex hull is a quadrilateral 
is a triangle with vertices lying on the boundary of the quadrilateral. Moreover, 
there is such a triangle of maximum area with its vertices being vertices of the 
quadrilateral. This paper treats the generalization of this observation to finding a 
k-gon of maximum area among all k-gons with vertices lying in a finite set D, the 
convex hull of which is an/-gon. This problem arose from some considerations for 
a measure of concentration or density of certain finite subsets in the plane. 
A local sociologist who was analyzing urban census data was interested in a 
measure of concentration of various ethnic and racial groups. Points in the plane 
were used to denote households of k various types of ethnic and racial groups. Each 
type of group was distinguished by one of k colors, and the k-gon of largest possible 
area with vertices among all the points was denoted P. The convex hull of the k cen- 
troids of the points of the same color formed an m-gon Q, m_<k. The ratio r, 
0_< r_< 1, of the area of Q to the area of P was suggested as a measure of integration 
of the urban area, for the smaller the value of r, the more integrated the area ap- 
peared. For example, if the points of the same color are essentially uniformly 
distributed throughout the area, then the centroids essentially overlap and r is small; 
on the other hand, if the points of the same color are clustered together, then the 
centroids are near the edges of P and r is not so small. Of course, this measure is 
flawed as concentric rings of points of the same color yield essentially the same cen- 
troids and, thus, a small value for r, but certainly such points do not represent an 
integrated area. In this paper we offer no suggestion for a measure of integration 
but address the geometrical problem of finding the k-gon P given all the points of 
the various types. 
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A polygon with n vertices, called an n-gon here, consists of n distinct points in 
the plane, Bo, B j . . . . .  Bn_ 1, and the n line segments BoBI ,B IB  2 .. . . .  B,-zB,, 1, 
B, i B0, where 
(1) for each i~O, Bi, Bi+l, and Bi+ 2 are  not colinear (addition is modulo n), and 
(2) the interiors of the n line segments are pairwise disjoint. 
The points B0, B 1 .. . . .  B~_ I are called vertices of the n-gon, and the line segments 
BoB l, B IB 2 . . . . .  Bn_zBn_l,  Bn iBo are called edges of the n-gon. Two vertices B i 
and Bj are consecutive if BiB j is an edge of the n-gon. The area of an n-gon P is 
the area of the finite region bounded by P. 
In order to avoid a vacuous problem, we assume that the set of all k-gons with 
vertices in D, denoted Pk, is non-empty. This is, of course, implied in the case 
3<_k<_l. If P is a polygon, let A(P)  denote its area, let V(P) denote the set of its 
vertices, and let bd P denote its boundary. For any set S in the plane, denote its con- 
vex hull by C(S). It will be shown in this paper that if 3_<k_<l and if P0ePk 
satisfies A(Po)=max{A(P) [PePk} ,  then P0 is convex and V(P0)_cbd C(D). 
Moreover, P0 can be chosen so that V(Po)c_ V(C(D)). To see that not all P0 
must satisfy V(Po) C_ V(C(D)), consider the case with k=3 and D= 
{(0,0),(0,2),(2,0),(2,2),(1,2)}. The same conclusions cannot be drawn if 3 _< l< k. In 
fact, P0 may not have all its vertices lying on bd C(D), and P0 need not be convex. 
If  there is a convex P0, then it will be shown how to find such a polygon. 
In this work a polygon is assumed to be comprised of its vertices, edges, and in- 
terior. Its boundary consists of its edges, and an edge includes both of its endpoints 
(vertices). The interior of an edge is composed of the points in the edge which are 
not either of its two vertices. The extension of a line segment (usually an edge here) 
is the line that contains the segment. As usual, a set of points, S, in the plane is con- 
vex if the line segment joining any two points in S is contained in S. In this paper, 
a given k-gon P will frequently be fixed. Capital letters (A, B, A ' ,  etc) will denote 
vertices of P; and lower case letters through d (a, b, a', etc) and v and w will denote 
vertices of C(D). An edge joining vertices a and b will be denoted by ab. Edges of 
C(D) are also denoted by lower case letters e, f ,  g, etc. 
Proposition 1. I f  Pk¢0 and if  there exists a convex Po in Pk with 
A(Po) = max{A(P) [Pe  Pk}, then V(P o) c_ bd C(D). 
Proof. Suppose that some vertex of P0, denoted B, is an interior point of C(D). 
Let A ', A, B, C, C' be consecutive vertices of P0 where A '  = C' if (and only if) k = 4 
and A '  =A 4: C= C' if k = 3. The extension of the altitude of triangle ABC from AC 
(possibly extended) through B intersects ome edge, say ac, of C(D), where a, 
ceDNC(D) .  Either ac is parallel to AC or one of a and c is on the same side of 
AC as is B (choose the point which is furthest from the extension of AC if both 
a and c lie on the same side). Suppose a is the point satisfying the above conditions; 
also select a in case ac is parallel to AC. Note that c:~ C since B is interior to C(D). 
In any case, triangle AaC has larger area than triangle ABC.  Replacing A, B, C with 
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A, a, C will yield a k-gon (not necessarily convex) of area larger than A(Po) unless 
either a is on the extension of A 'A  or a is on the extension of C' C. Assume one 
of these situations exists. Without loss of generality suppose that A 'A  extended 
through A intersects bd C(D) at a. If the extension of CB through B does not contain 
a, then supplementing P0 with triangle ABa yields a k-gon (not necessarily convex) 
with consecutive vertices A', a, B, C, C' and area larger than A(Po), a 
contradiction. 
So suppose that the extension of CB through B contains a. Since B is an interior 
point of C(D), B is not on the edge ac. Hence c is not on the extension of aC; and 
so, by the choice of ac, c and the interior of P0 lie in separate open half-planes 
determined by the extension of aC. If the extension of C'C through C contains a 
point b in C(D)OD-{C},  then AB extended through B contains b (as otherwise 
P0 supplemented with triangle BCb yields a k-gon with consecutive vertices A' ,  A, 
B, b, C' and area larger than A(Po)). But then supplementing P0 with triangles ABa 
and BCb yields a k-gon (not necessarily convex) in Pk with consecutive vertices A' ,  
a, B, b, C' and area larger than A(Po), a contradiction. 
So, assume that the extension of C'C through C does not contain a point in 
C(D) O D-{C}.  In particular c is not on that extension, but yet c and the interior 
of P0 are in separate half-planes determined by the extension of aC. Replacing 
triangle ABC with quadrilateral AacC yields a k-gon with consecutive vertices A ', 
a, c, C, C' and area larger than A(Po), a contradiction. 
So V(Po) C_bd C(D). 75 
Remark. The proof of Proposition 1 is independent of the relative sizes of k and 
l. Also, convexity of P0 was used only to assure that P0 lie entirely on one side of 
A'A ,  AB, BC, and CC'. 
Proposition 2. I f  the vertices of  a polygon P are contained in the boundary of  a con- 
vex polygon Q, then P is convex. 
Proof. This result is a special case of Theorem 12.1 in [1]. 
Lemma 3. I f  S is an m-gon with V(S) c_ D O bd C(D) and i f  rn < l, then there exists 
an (m + 1)-gon T containing S such that V(T) c_ D O bd C(D). 
Proof. Suppose S is an m-gon with m < l and with V(S) _z D N bd C(D). By Proposi- 
tion 2, S is convex. Let S' be a convex m-gon of maximum area such that 
V(S') c_ D N bd C(D) and S c_ S'. Since rn < l, there is a vertex a in V(C(D)) -  V(S') 
such that the interior of at least one edge e of C(D) incident with a is disjoint from 
S'. Let B (respectively C) be the first vertex of S' encountered by traversing bd C(D) 
in the clockwise (respectively counterclockwise) direction from a, and let f be the 
edge of C(D) incident to a which is different from e. Without loss of generality, 
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assume that e is traversed first upon leaving a and moving around C(D) in a 
clockwise direction. 
Note that the vertex C' of S' which follows C when traversing bd S' in the 
counterclockwise direction cannot lie on f .  Otherwise both C and C' would be on 
f ;  and since a~C, C' by choice of a, an m-gon of area larger than S' could be ob- 
tained from S' by replacing edges C'C and CB by C'a and aB. 
Define T to be C(S' U {a}). Then S c S' c T and V(T) c_ D f'l bd C(D). Moreover, 
T is  an (m+ 1)-gon. [3 
Remark. Polygons S and T in the statement of Lemma 3 are convex by Proposition 
2. 
Proposition 4. I f  P0 ~ Pk, A (P0) = max{A (P ) [P  e Pk }, and k < l, then V(Po) c_ bd 
C(D). 
Proof. Induct on k. I f  k = 3, then P0 is convex, and the result follows from Pro- 
position 1. Now suppose that 3 < k < l, and assume that the result holds for values 
less than k. If PoePk  and A(Po)=max{A(P)[PePa. } but V(P0)~;bd C(D), then 
Po is not convex by Proposition 1. Thus C(Po) is an m-gon with m<k and 
A(Po) <A(C(Po)). Pick R 0 ~ P,,, so that A(Ro) = max{A(R) IR e P,,,}. By the induc- 
tion hypothesis, V(Ro)c bd C(D). Now V(Ro)c_ D Cl bd C(D), and so by, perhaps 
repeated, use of Lemma 3 there exists a k-gon Te  Pk which contains R 0. Thus, 
max{A(P)lPePk} =A(Po)<A(C(Po))<_A(Ro)<_A(T)<_max{A(P)IPePk}, a 
contradiction. So V(Po)c_ bd C(D), and by induction the result follows. [] 
As remarked earlier, the conclusion of Proposition 4 need not follow if k>/ .  
Moreover, even if k<_l and P0 satisfies Proposition 4, the example at the beginning 
of this paper shows that not all of the vertices of P0 must be vertices of C(D). 
However, the following results leading to Theorem 7 indicate that a k-gon in Pk of 
maximum area can be found so that its vertices do lie among the vertices of C(D). 
Proposition 5. I f  Po is a convex k-gon in Pk such that A(Po) = max{A(P) lP~ Pk}, 
then there exists a convex k-gon P1 in Pk such that A(PI)=A(Po) and no edge oJ 
C(D) contains exactly one vertex of Pj unless it is a vertex of C(D). 
Proof. By Proposition 1, V(P o) c_ bd C(D). Suppose that vertex B of P0 is the only 
vertex of 1°0 which is contained in edge ab of C(D) and B~a, b. Denote by A and 
C the vertices of P0 which are adjacent o B, where A, B, C occur along bd P0 as 
do a, b along bd C(D). I f ab is not parallel to A C, then one of a or b, say a, is further 
from AC than the other so that triangle AaC has greater area than triangle ABC. 
Replacing triangle ABC in P0 by triangle AaC results in an m-gon R, k -  1 <_m<_k, 
with A(Po)<A(R ). If re=k, this contradicts the choice of P0. If re=k-1  (i.e., if 
a is on the extension through A of that edge of P0 which contains A but not B), 
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then Lemma 3 implies the existence of a k-gon T in Pk containing R. But then 
max{A(P) lPe  Pk} = A(Po) <A(R) <_A(T) < max{A(P) [Pe  Pk}, again a contradic- 
tion. So, assume that ab is parallel to AC. If k_>4, let A ', A, B, C, C' be consecutive 
vertices of P0, where A '=C'  if and only if k=4.  Now if the extension of A'A 
through A does not contain a (or if k = 3), then replacing triangle ABC of P0 with 
triangle AaC yields a k-gon with area equal to A(P o) but with fewer vertices which 
are alone in an edge of C(D). So, assume that the extension of A'A through A con- 
tains a. Replacing triangle ABC of P0 with quadrilateral AaBC yields a k-gon with 
consecutive vertices A ', a, B, C, C' with area equal to A(Po) but with fewer vertices 
which are alone in an edge of C(D). By repeated use of the above procedure on all 
such vertices B, a suitable polygon P~ in Pk is obtained, where A(PI) =A(P0). And, 
by Proposition 2, Pl is convex since V(Pi)c_bd C(D). 
Note that Proposition 5 holds for any k and l at least 3 (not just those k and 1 
for which 3 <_ k-</). 
The next proposition is a technical result to be used in the proof of Theorem 7, 
the main result for 3<_k<_l. 
Proposition 6. Suppose that PI is a k-gon in Pk, k < I, A(P  I) = max{A(P) IP e Pk }, 
and that no edge of  C(D) contains exactly one vertex of  P~ unless it is a vertex oJ 
C(D). Suppose that e is an edge of  C(D) joining vertices a and b and that the interior 
o f  e is disjoint from P1 • Let L denote the polygonal path bd C(D) minus the in- 
terior of  e, and orient L so that it is a directed path from b to a. Then both the first 
and last vertices of  P1 along L from b are vertices of  C(D). 
Proof. Since k< l, Proposition 2 and 4 imply that PI is convex. So, since the in- 
terior of e is disjoint from Pj ,  not both a and b are vertices of P1. By Proposition 
1, V(PI) c_ bd C(D). Let B (respectively, A) be the first (respectively, last) vertex of 
PI along L from b. Then AB is an edge of Pj .  Suppose that B is not a vertex of 
C(D). Then B is interior to some edge f of C(D); and, by the hypothesis, another 
vertex of Pj ,  call it C, also lies on f .  Let b 0 be the last vertex of C(D) encountered 
along L starting from b before reaching B (b 0 could be b). Replacing edges AB and 
BC of PI with line segments Abo and bo C yields a k-gon P2 in Pk with 
A(P2)=A(P I )+A(ABboA)>A(P1) ,  a contradiction. So, B is a vertex of C(D). 
Similarly, A is also a vertex of C(D). [] 
The main result for 3<_k<_l now follows. 
Theorem 7. I f  3<_k<l and Pke:0, then there exists a convex k-gon P2 in Pk such 
that A(P2) = max{A(P) lPe  Pk} and V(P2) _c V(C(D)). 
Proof. The case k=l i s  trivial, so assume that 3 <_k<l. Propositions 2, 4, and 5 imp- 
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l y that there exists a convex k-gon 1°2 with A (P2) = max {A (P) I P e P~ }, V(P 2) C_ bd 
C(D), and no edge of C(D) contains exactly one vertex of P2 unless it is a vertex 
of C(D). Suppose that V(P2) is not contained in V(C(D)), i.e. suppose that A is a 
vertex in V(P2)- V(C(D)). Then as A is in bd C(D), A is in the interior of some 
edgefo f  C(D). Let f join vertices a and b of C(D). By Proposition 5, another vertex 
of P2, call it B, is also on f .  Without loss of generality, assume that B is on the b 
side of A. Another edge e of C(D) is incident to a, say e joins vertices a and c of 
C(D). By Proposition 6, the interior of e must contain a vertex of 1°2, call it C. 
Again by Proposition 5, another vertex of P2, call it C', is also on e. Choose nota- 
tion so that C is closer to a than is C'. It might happen that B = b or that C'= c. 
Since k<l, there must be an edge g of C(D) so that g minus one of its vertices con- 
tains no vertex of P2. Let d be a vertex of g which is not in V(P2). Let T and U 
be the first vertices of P2 encountered along bd C(D) in both directions away from 
the interior of g; thus TU is an edge of P2. Let T'T (respectively, U'U) be the 
other edge of P2 incident with T (respectively, U). I f  T, T' and d lie on the same 
edge of C(D), then supplementing P2 with triangle TUd yields a k-gon in Pk of area 
larger than the area of P2, a contradiction. So, without loss of generality, assume 
that neither 7", T', and d nor U, U', and d are all on the same edge of C(D). Sup- 
plementing P2 with triangle TUd yields a (k+l ) -gon  P3 in Pk+l. Now, in P3 
replace edges CC' and AC with line segments C'a and aB to obtain a k-gon ,°4 in 
Pk with A(P4)=A(P2)+A(ATUd)+A(ACaA)>A(P2), a contradiction. Thus 
V(P2) C_ V(C(D)). [] 
When k>l  the situation is far more complex, and the k-gons in P~. of maximum 
area are frequently not convex. In fact, the convex hull of a k-gon P0 in Pk of max- 
imum area very often is not C(D), even when P0 is not convex. If  there exists a con- 
vex k-gon PI in Pk of maximum area, the remaining results will yield a procedure 
for finding such a k-gon. Recall that Propositions 1 and 5 hold for k>l, so 
V(P~) c_ bd C(D); and without loss of generality, it may be assumed that no edge of 
C(D) contains exactly one vertex of Pl unless it is a vertex of C(D). 
Proposition 8. Suppose that k > l> 3 and Pl is a k-gon in Pk of maximum area. IJ 
P~ is convex and satisfies the conclusion of Proposition 5, then the interior of every 
edge of C(D) has non-empty intersection with bd P1. 
Proof. Suppose that the interior of some edge ab of C(D) does not intersect bd Pj.  
As Pj is convex, exactly 0 or 1 of a and b is in PI .  
Give bd C(D) an orientation so that edge ab is directed from a to b, and let B 
(respectively, A) be the first (respectively, last) vertex of P1 along bd C(D) from the 
interior of ab (A could be a or B could be b). Then AB is an edge of Pj .  I f  A is 
an interior point of an edge of C(D), then sliding A along that oriented edge to the 
next vertex of C(D) (perhaps a itself) yields a k-gon with area larger than Pl ,  a 
contradiction. So, A and, similarly, B must be vertices of C(D). 
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Let c be the first vertex of C(D) which is strictly after A on bd C(D) proceeding 
from A to B along ab. It may be that A = a (in which case c = b), but then b :~ B. 
Supplementing PI with triangle AcB yields a (k+l ) -gon  P2 in Pk+J with 
A(Pz)>A(PI). P2 will be used to construct a k-gon in Pk with area larger than 
A(P1). 
Since k> l, there must be a vertex C of PI which lies on the interior of some edge 
fo f  C(D). Since P1 satisfies the conclusion of Proposition 5, exactly one of the two 
edges of PI incident with C must be contained in f .  Let D~C be the vertex of PI 
adjacent o C which is not in f.  So, CD is an edge of P~. Denote by w the vertex 
of C(D) incident with f which lies on that portion of bd C(D) between C and D 
which is disjoint from ab, and denote by e the edge of C(D) incident with w, e4=f. 
Now D must lie on the interior of e, because otherwise sliding C to w would yield 
a k-gon with area larger than A(PI). And by Proposition 5, the edge of Pl incident 
with D but not incident with C is contained in e. But now supplementing P2 with 
the triangle wCD eliminates one edge and yields a k-gon in Pk with area larger than 
A(P O, a contradiction. So, such an edge ab cannot exist. [] 
By Proposition 8, for each vertex v of C(D) which is not used in PI (Pl as in Pro- 
position 8), if f and e denote the edges of C(D) incident with v, then there exists 
an edge AB of P~ with A in the interior of f and B in the interior of e. Moreover, 
both e and fconta in  edges of PI- Thus, the mapping ~z from V(C(D))- V(P1) into 
2-subsets of V(P l) given by c~(v)= {A, B} is such that {a(~))I v e V(C(D)) -  V(Pj)} 
is a partition of V(PI)- V(C(D)). If m denotes ]V(C(D))-  V(PI) [, then 
k= ] V(Pl) I = I V(C(D)) O V(Pl) I +IV(P~)- V(C(D))[ 
= [ V(C(D)) I -- m + Y~ {!oco)l I ~ v(C(D)) - v(p I )} 
=l -m+2m=l+m,  or m:k- l .  
That is, if such a P~ exists, then exactly k -  l vertices of C(D) are not vertices of P~. 
These observations are formalized below. 
Theorem 9. I f  k> l>_ 3 and if there exists a convex k-gon in Pk with maximum area 
for all members of Pk, then there is a convex k-gon PI in Pk such that 
(1) A(PI)= max{A(P)]Pe Pk}, 
(2) V(P~) c_ bd C(D), 
(3) V(P 1) contains exactly 2 l -k  vertices of C(D), and 
(4) no interior of any edge of C(D) contains exactly one vertex of P1. 
Corollary 10. If k> 2l and P2 is a k-gon in P~r with A(P2)=max{A(P)IP6Pk} , 
then P2 is not convex. 
The discussion leading to Theorem 9 suggests a procedure for finding a k-gon 
(k > l) with maximum area, if there is a convex one. 
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For a vertex v of  C(D), let e and f be the two edges of  C(D) incident with 
v. Find the two points A U and B,,, if they exist, such that A,, is in the in- 
terior of e and Bu is in the interior of  f and such that A,, and B v are closer 
to v than any other points of D on e and f respectively. I f  there do not exist 
at least k - l  such disjoint pairs of vertices {A~, B,,}, then a k-gon of max- 
imum area in Pk is not convex. 
If  {A,, Bo} exists for v, denote the area of triangle A,,vB~ by A(v). 
Find k- l  vertices vl, v2 . . . . .  va. / where Y.ai I A(vi) is as small as possible 
and {A~i, Bv~ } FI {A,~j, B,,j} =0 for 1 <_i<j<_k-l. 
The k-gon formed by the convex hull of  the union of the 2 l -k  vertices in 
V(C(D))-{v,, v2 . . . . .  va. /} and the 2 (k - l )  vertices in (.J~ [ {A,,,, Bui } is 
a k-gon in Pk of  max imum area. 
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